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Existence of weighted pseudo anti-periodic
solutions to some neutral differential equations
with piecewise constant argument
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Abstract; By means of weighted pseudo anti-periodic solutions of relevant difference equations, the existence for weighted pseudo anti-
periodic solutions of differential equations with piecewise constant argument is studied. The conditions of existence and uniqueness for the
weighted pseudo anti-periodic solutions are presented.
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In this paper we consider the following first order
neutral delay differential equations with piecewise con-
stant argument of the forms

[w(t) +pa(t=1)]" =
ap([t]) +ax([t - 1]) + /(1) (1)
[w(t) +pa(t=1)]" =
apx([t]) +ax([t = 1]) +g(2,2(2) ,x([¢]))
(2)
where p(# 0) ,a,,a, are constants, [ * ] denotes the
greatest integer function. To study the existence of

weighted pseudo w-anti-periodic solutions to Eqgs. (1)
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and (2), we will assume that the following assumptions
hold .

(H1) f: R—R is weighted pseudo w-anti-period-
ic function.

(H2) g: R x R*— R is jointly continuous and
satisfies g (¢t + w, x,y) = —g (t,x,y) forallt e
R and (x, y) € R*. Moreover, the function g is uni-
formly Lipschitz with respect to x, y in the following
sense: there exists 7 > 0 such that

L g(t, %, 1) —g(t, %, 3,) | <
nllx, —x |l +1y -y, 1] (3)

(2014A030313641, 2016A030313119) ;
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for all (x,,y,) e R, i =1,2and? e R.

A function x ; R — R is called a solution of Eq.
(1) if the following conditions are satisfied

(i) « is continuous on R;

(ii) the derivative of x(t) + px(z —1) exists on R
except possibly at the points ¢ = n, n € Z, where one-
sided derivatives exist;

(iii) «x satisfies Eq. (1) on each interval (n, n
+ 1) , with integer n e Z.

The existence of anti-periodic solutions to differen-
tial equations is an attractive topic in the qualitative
theory of differential equations due to its applications in
control theory or engineering and others, see [1 —4]
and references therein. Motivated by the study of exist-
ence of pseudo almost periodic solutions, and weighted
pseudo almost solution to differential equations® ™" Al-
Islam"®' et al. introduced the weighted pseudo anti-peri-
odic functions, which is a natural generalization of the
classical pseudo almost periodic functions, and has been
used in the investigation of a certain non-autonomous
second-order abstract differential equation.

Differential equations with piecewise constant argu-
ments are usually referred to as a hybrid system (a com-
bination of continuous and discrete ). These equations
have the structure of continuous dynamical systems with-
in intervals and the solutions are continuous, and so
combine properties of both differential and difference e-
quations. The equations are thus similar in structure to
those found in certain sequential-continuous models of
disease dynamics as treated by by Busenberg and Cooke
). Therefore, there are many papers concerning the
differential equations with piecewise constant argument
(see [10 —19] and the references therein).

We note that there is no results on the weighted
pseudo anti-periodic solution for Eq. (1) (or (2) )
still now. The main purpose of this work is to establish
an existence and uniqueness result of weighted pseudo

anti-periodic solutions of Eqs. (1) and (2).

1 Preliminary definitions and lemmas

For the sake of convenience, we now state some of
the preliminary definitions and lemmas. we always de-
note by BC (R, R) the space of bounded continuous
functions u; R — R, C(R, R) the space of continu-
ous functions u; R — R, and denote by | - | the

Euclidean norm.

Definition 1 A function f € C(R,R) is said to
be w-anti-periodic function for some w > 0, if f (¢ +
w) = -f(t) for all 1 € R. The least positive w with
this property is called the anti-period of /. Denote by
AP _(R) the set of all such functions.

Proposition 1  If f () is an w-anti-periodic
function, then f (t) is also (2w + 1) -anti-periodic
and 2w-periodic.

Let U be the collection of functions (weights) p :
R — (0, + o ), which are locally integrable over R.

If p e U, we set
w(Tp) =

ITp(t)dt,T >0,
U, =lp e U:limu(T,p) = |
and
U,:={p e U, :p is bounded with riilip(t) > 0f

Obviously, U, C U, C U, with strict inclusions.

Letp,, p, € U, , p, is said to be equivalent top, ,
denoting this asp, < p,, if p,/p, € U, . Then < is a
binary equivalence relation on U, (see [7]). Let p
e U,,c e R, definep, byp, () =p(t+c)fort e
R. We denote

Ur=1ip € U,:p <p, for each ¢ € R}

It is easy to see that U,contains plenty of weights,
say, 1, e, 1 +1/ (1 +¢),1 + | ¢t|l nwithn e
N, etc.

For p € U,, the weighted ergodic space
PAP,(R,p) is defined by

PAP,(R,p) =|f ¢ BC(R,R);
. 1 ’
tim s [ 1 p(ode = 0]

Lemma 1" PAP(R,p) withp € U, is trans-
lation invariant, i.e. ¢ € PAP;(R,p) ands € Rim-
ply thato(-—s) e PAP,(R,p) .

Definition 2 7' Letp e U, . A functionf e BC
(R, R) is called weighted w-anti-periodic function
(or p-pseudo w-anti-periodic function) for some w >
0, if f can be written as ' = f“+ f°, wheref" e
AP_(R), and f* € PAP,(R,p) . f” and f* are called
the w-anti-periodic component and the weighted ergod-
ic perturbation, respectively, of the function f. Denote
by PAP,(R,p) the set of all such functions.

Definition 3

BC(R x R) is called weighted pseudo w-anti-periodic

Letp € U, . A function g

function (or p-pseudo w-anti-periodic function) in ¢ u-

8,

niformly on R* | if g can be written as g = g
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where g” is w-anti-periodic in t uniformly for R*, and
for any compact set W C R*,g* is continuous, bounded
and satisfies

. 1 ro

}Egmﬁrl g (t,x,y) | p(t)ds =0
uniformly in (x,y) € W,g” and g° are called the w-an-
ti-periodic component and the weighted ergodic pertur-
bation, respectively, of the function g. Denote by
PAP (R x R,R,p) the set of all such functions.
Z — R, denoted

by {x(n)}, is called a w-anti-periodic sequence if x

Definition 4 A sequence x

(n+w) = —x(n) for all neZ. We denote the set of
all such sequences by APw S(R).

Let U, denote the
(weights) Q:Z — (0, + @ ). ForQ € U,and T € Z*
= {neZ:n=0}, set

w(T,Q) = 3 0(n)

n=-T

collection of sequences

Denote
U =10 € U,:lim p,(1,0) = |
and
Uy=10 e U, :0 is bounded with ,}2£Q(n> > 0}
Let Q,,0Q, € U, ,Q, is said to be equivalent to
Q,, denoting this as Q, < Q, , if {Q,(n)/0Q,(n)},..

e U,. Then it is easy to see that < is a binary equiva-

LetQ e U, ,k € Z, define Q,

by Q,(n) = Q(n +k) forn € Z. We denote
U,={Q e U, :Q < Q,for each k € Z}
For Q € U

s 9

space PAP,S(R,Q) is defined by

lence relation on U, .

the weighted ergodic sequences

PAPS(R,Q) =={ x:x 1s bounded with

r
}igmn;Tl x(n) | Q(n) > O}

Definition 5 Let Q € U, . A sequence x:Z —
R, is called a weighted pseudo w -anti-periodic se-
quence (or Q -pseudo @ -anti- periodic sequence ) if x
can be written as x(n) = x7(n) + x(n),n € Z
where x” € AP, S(R), and x* € PAP,S(R,Q) . x*
and x° are called the w -anti-periodic component and
the weighted ergodic perturbation, respectively, of the
sequence x. Denote the set of all such sequences by
PAP_S(R,Q) .

Proposition 2 If f € AP (R),w e Z7,
then {f(n)}{,., € AP,S(R) .

Lemma2 Iff e AP,(R), w € Z", leth, =

n

f”f(s)ds, then || _, € AP.S(R) .

Proof Since f () is an w-anti-periodic func-
tion, then for all 1 € R, we havef (¢t + w) + f(t)
= 0 and

n+w+1

hew +h, = [ f)ds + [ fs)ds =
f+l[f(s +w) +f(s)]ds =0

From definition, it follows that {h,|,_, is an w-anti-

n

periodic sequence. This completes the proof of Lemma
2.
Lemma 3 Letp € U,, and denote

o) = [“pydr,

forn e Z (4)
Then Q e U,. Moreover, given ¢ € R, there exist
positive constants C;, C, such that, for sufficiently
large T,
Cu(T +c,p) <sp([T], Q)<
Cou(T + ¢, p) (5)
Proof Without loss of generality, we assume that
¢ = 0. Since p € U, there exists M > 0 such that
pen (D) < Mp(1) andp_..,, (1) < Mp(1) for ¢
R and

w(T-1,p) <u([T],Q) =

[T]+1

jm p()dt <p(T+1 +c,p)

Notice that

(6)

T+c T-1

u(T +c,p) = fiTﬂp(t)dt = ffrfchlp“”(t)dt =

T-1 ~T+1
j_THchrl (t)dt + j—'l‘—Zr—lpC” (t)dt =

T-1 —T+2c+3
[pen(odi+ |

e P-<c+1)(t)dt
ForT >c+2,ie., -T+2c+3 <T-1, we

then that
T-1 T-1
w(T +c,p) < fiTﬂMp(t)dt + ﬁmMp(t)dt =

2Mu(T - 1,p) (7)

Similarly, we can prove that there exists M’ > 0 such
that, for T large enough,

w(T+1 +c,p) SMu(T +c, p) (8)

Thus by (6) — (8), we have

(T +cp) <u([T1,0) < Mu(T + c.p)

for T large enough. This leads to (5), and from which
we can get easily that Q € U,. The proof is complete.

Proposition 3 PAP,S(R,Q) with Q € U, is



60 sl ReE2E R (HARBRERD

5 56 %

translation invariant.

Proof Tetx € PAP,S(R,Q) .
generality, we assume that £ > 0. Than there exists
M >0 such that Q,(n)/Q(n) < M for n € Z since
Qe U, Letp(t) = Q(n) fort e [n,n +1),n

Without loss of

n+l
€ Z. Thenp € Uyand Q(n) =J p(t) diforn e

Z. Now applying Lemmd 3, we can get that

;HE,U,(T Q)HZTl x(n-k)l Q(n) <

1
}g}mn Y Tax(n)l Q.(n) <

—(T+k)
hm/_,LS(T+k,Q) . 1 .
T—ew ,U,S(T,Q) /-M(T + k’Q)

3 e =

This implies that {x(n — k)},., € PAP,S(R,Q) .
The proof is complete.
Lemma 4 Assumef e PAP,S(R,p),w e Z",

n+l
let h, =j f(s)ds, then {h,},_, e PAP,S(R,p).
Proof lLetf =f"+f°
odic, and f“is continuous , bounded and satisfies
LMMT J\fuﬂmww—o
I/ forn e Z and

, where f“ is w -anti-peri-

It is clear that | h, | <
wy = [
is w -anti-periodic. Let
ho=h -k = [T

or € T, we get
ForT e 2",
n+l .n+l

S 1R Q(n) < fo | £5(s) | dsp(e)de =

n=-T n=-T

Lf(s+1) | p(e)dids <

n+l n+l-t

L

fo Lf (s +1) | p(t)deds <

n=-T

J—lﬁ'/‘-l lfe(S + t) | P(t)dtds
ForTeZ',se[1,1],
i) = WLI

Then| ®,(s) I = || f | -
}im(I)T(s) =0foreachs e [-1,1].

Lf(s+1) | p(e)de

From Lemma 1, we get

Now by Lebes-

gue dominated convergence theorem and Lemma 3, we

obtain

gy 2, o) <

w(T +1,p)
lin LT G L orsras =0

That is !, € PAP,S(R,Q), and {h,},_, € PAP,S(R,

p). The proof is complete.

Lemma 5" Letx:R— R is a continuous func-

tion, and w(¢) = x(t) + px(t —1) . then

| x(t) | < e sup | x(t, +0) | +

-1=<0<0

b sup | w(u) |,

ty<u<t
=
Where | pl <1,a =log (1/1 pl),b =1/(1 -l pl),
or

log I pl (1—1t¢)

lx(t) I <e 0supll x(ty +6) | +
<0<

b sup | w(u+1)1,
ISu<tg

1< 1,
Where | pl > 1,6 = 1/(I pl-1).

2 Main results

Now, we can formulate our main theorems.

Theorem 1 Suppose that
a, —a
p;ﬁl+T,|p| <1,
a, +a, #0, (9)

(p=1-ay)” +4(p +a,) #0

Then for any f € PAP,S(R,p)
hold :

(i) fw = ny, € Z", Eq. (5) has a unique p-

, the following results

pseudo w-anti-periodic bounded solution.

(i) e = 2,
m,

0

.
ny,m, € Z" and n,,m, are mu-

tually prime, Eq. (5) has a unique p -pseudo- mw -
anti- periodic bounded solution, where m = m, if m, is
odd, orm = 2m, + 1 if m, is even.

Theorem 2  Suppose that conditions (H,) and
(9) hold. Then there exists n "

, that following results hold ;

> 0, such that if n <
(i) fw =ny € Z%, Eq. (5) has a unique p-
pseudo w-anti-periodic bounded solution.

0 +
,ng,m, € Z" and n, ,m, are mutu-
0

(i) fw =

ally prime, Eq. (5) has a unique p-pseudo- mw -an-

ti-periodic bounded solution, where m = m, if m, is

odd, orm = 2m, + 1 if m, is even.
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3  Proofs of theorems

(i) Let x(t) be a solu-
tion of Eq. (1) on R, integrating (1) from n to ¢, we

Proof of Theorem 1

have that forn <t < n + 1,
[2(2) +px(t=1)] = [x(n) +px(n-1)] +

[apx(n) +ax(n-1)](t -n) +J:f(s)d3
(10)

In view of the continuity of a solution at a point, we
obtain that fort — (n +1) -0,
x(n+1) +(p-1-ay)x(n) +
(=p-a)a(n-1) =h,

n+i

= [ A

The corresponding homogeneous equation of Eq.

(11) is

(11)

where h,

x(n+1) +(p-1-ay)x(n) +
(=p-a)x(n-1) =0
Following [ 10 ],

x(n) = A" for homogeneous difference equation (12) ,

(12)

we seek the particular solutions as

then we have the following characteristic equation of
(12):
AM+(p-1-a)r +

(-p-a;) =0 (13)
Eq. (13) has two nontrivial solutions
~(p-1-ay)
)\]‘2 = %i
«/(p—l _00)2_4(_]7_‘10)
2

In view of (9), we have thatl A, ,| # 1 and A, # A,,
then

{ x(n) focz = [ BT+ kA5t ez (14)
is the general solutions of Eq. (12), where k, , k, are

any constants.
c,| by
n—(m+1) n—(m+1)
2D Yy Y 5 YD Vi
LA <1, Al <1,

k, Zm A "Oh 4k, Z

IA1I<1,IA2I>1,

kl z _ )lllz—(m-%-l)h +k z o 721 (m+l)h
IA1I>1,IA2I<1,

k, Zman)"f_(m”)h +k, Zm _

A>T Al >1

We define a sequence |

n (m+l)h

n (m+l>h

(15)

where k,, k, will be determined later. We put Eq.
(15) into Eq. (11) and compare the coefficients of
h,’s.

Forl Al <1,

tem in k, and k,

| A, <1, we obtain a linear sys-

{klx\] + kA, =1 +a, -p, (16)
by +k =1
Solving system (16), we have
5 - 1 +;O —]/)\—)\2,
i 2
i 1 +/c\10 —];\— A
1 2
So, the sequence {¢,} , defined by
=K Y ATk, +
mSn-1
Ky Y A Vh, (17)

m<n-1

is a solution of the difference equation (11).

For other cases we can similarly write out the ex-
pression for the solution of Eq. (11).

(ii) Since f € PAP,S(R,p), it follows from
Lemma 4 that {h,},_, € PAP,S(R,Q), so that {h, |

n

can be written as a sum
hy, = h + h,
where { h"} is a w-anti-periodic sequence, and {h; |
is bounded and satisfed
ln 7o) 9T, 0 =0
It is easy to see that

kO z /\n (m+])he + k() Z /\gf(erl)h:"el,n p Z

m<n-1 m<n-1

is bounded. In order to show the p-pseudo w- anti-pe-

riodic periodicity of {c, |, it suffices to prove

;‘fimr Q>,,.ZT' ¢! Qn) =0

Indeed, it is easy to see that for T € Z",

(T, Q)E' a1 o =

n-1

,LL(TQ)Z_TZ LA™ el Q(n) +

T n-1
1

mz, > LA Q) =

M(TQ)Z,E')‘ "1 h_, 1 Q(n) +

M(TQ)ZZH‘

n=-Tm

Pk, 1 Q(n)

+

A g, e
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Z,O| A" (T, Q)H_ZT| ooz ! Q(n)
Form € Z", let
Brlm) = b S L0

From Proposition 1, we get
limq)T(m) =0,
®,(m) < ’LE?| Rl =M, form e Z" (18)
Given ¢ > 0,
K > 0 such that

it is clear that there exists an integer

©

S iA 1" <sand ¥ 1A 1" <s (19)

m=K+1 m=K+1
Then by (18), there exists T, > 0 such that for T >
TO ’
£
®rlm) <
for0=sm<K (20)

Now by (18) (20) for T > T, we have

(TQ) Z lc¢l Q(n) =

2 A 1"
m =0

/(m) +

©

K
S oA (m) + I A D (m) +
m=K+1 m =0
2 |/\2 m T<m)
m=K+1
2(K+1) 1+2M1 =2(1 +M))e

2 € PAP,(R,Q) forl A, | <
Similarly, we can get that {ci |, _,
PAPO(R,Q) forl Ay <1, 2,1 >Torl Al >1,
Al <Torl Ayl >1,1 2,1 >1.

(iii) Let o(s), =1 <5
function satisfying( -1) =¢_,,¢' (0) =¢,. We de-

n}ns

which implies that {
, Al <1,

< 0, be a continuous

fine x(t) step by step as follows:
x(t) ==-px(t 1) + (¢, +pc,,) +
I:a(JEn +a1811—1]<t —TL> +Jf<$)d$
(n<t<n+l)
with x(s) = @(s),

It is easily seen that x (¢) is continuous, x(n) = c,,

-1 =s<0.

n e Z and satisfies
[2(t) +px(t-1)]" =
ay(x[1]) +ax([0—1]) +f(1)  (21)
Letw(t) =x(t) +px(t —1), we claim thatw(¢) e
PAP,(R,0) . Letf = f™+ f*, where f” ¢ APw(R),

feePAPy (R p), let
w(r) = (& +pEn) +
[Cad? +a &)1t =n) + [£7(5)ds,
w (1) = w(t) = u” (1)
gl +adi) 1= n) + [£7()ds

We have

| ’M}up(t +CU) +w[lp(t) | = H:C,”w +pcn+w l:l +

= (e, +pcy) +

ap

n—l] + I:aocn+w + alcn-#a)—l}(t - n) +
Lage, +asc, ]1(t —n) +Jy wf”’”(s)ds +ff"”(s)ds

(e +e®) +p(e,  +e") +

n+w

e+ pe

a()(cn+m + C")(t - n) + (l|[0"+w_1n + Cn—lJ +

[77G 4 @) +£7()1ds =0

It follows from definition that w™ (¢) is w-anti-period-
ic. Denote

m, = el +1pei | +1apesl +1 aci,|
Then {5, € PAP,(R,Q) .
as the proof Lemma 4 we get that

{171 ashe PAP(R,Q)

Meanwhile ,
some M > 0 such that w, ( [T ] + 1, Q)
Mu (T,p) for T large enough. Then for T large e-

By an argument the same

it follows from Lemma 3 that there exists

nough we have

1 T
—| lw(t)p(t) ! dt <
,U«(T,P)j-T ()o(2) u(T
[7] n+1 M

2L e e0des Sy

1

p)

[(7]+1 n+1 n+l
S o[ G 1 dpod =
n=2TH-10n b
.M
p([T] +1,0)
(7] n+l
7_,T]_l(n,, +L | £5(s) 1 ds)Q(n) —0,

as T— o
This implies that w* € PAP,(R,p),
w e PAP,(R,p) .

Next we express x in terms of w and then prove
that x € PAP_(R,p) .
w(t) = x(t) +px(t —1),

One has for alln € Z*
x(t-n) =w(t-n) —px(t-n-1) (22)

hence,

and hence

From

VnelZ ,(-p)'x(t-n) =
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(=p)'w(t-n) +(=p)*'a(t-n-1)
It follows

x(t)

Since | p| < 1 and x is bounded, then ( — p)

= g(-p)’“W(t -k) +(=p)"'x(t -n-1)

n+l

x(t -

n-1)—>0asn— +o, and
x(t) = Y (=p)w(t-k)
=0
Conversely, if we put
2(1) = Y (=p)wlt —k)
=0

x is well defined and w is bounded and | pl < 1, xis

bounded with | x(¢) | < ||w(t) || ./(1 =1 pl),

moreover one has
x(t) +px(t—1) = Y (=p)w(t-k) -
k=0

> (=)l —k=1) = w()
=0
Forl p| < 1, rewriting (22) as

( _pl)"x(t +n) = (_71)

(_Ml])nx(t -n-1)
p

n+l

w(t+n+1) +

we deduce in a similar manner that

x(1) = z<

Ifl pl <1, given & >0,

w(t+n+1)

there exists an integer K >

0 such that
z lpl" <e¢ (23)
n=K+1
Let
x”(t) = 2( p)'w”(t-n),

n =0

x(t) = x(1) —x"(t) = D (=p)'w(t-n)

n =0

By a standard argument we can get that x¥ e
AP, (R) . Since PAP,(R,p) with p € U, is transla-
tion invariant, namely ¢ € PAP,(R,p) and s € R im-
ply that ¢( - s) € PAP,(R,p) (see [ 14, Lemma
4.1]), we get thatw’(+ —n) e PAP,(R,p) forn e
Z". So there exists T, > O such that for T > T,,

frl w'(t—n)l p(e)dt <

forO0 =sn<K
Now by (23) and (24), for T > T,,

frl 2 ()p(e) | de <

&£
K+1°
(24)

u(T,p)

1
pu(T,p)

u(Tp>f Z Lpl" 1w (e =n)l p(t)dt =

WLZO p 1" T w (e —n) 1 p(e)de +

-
WLZ Lp1" (e =n) 1 p(e)de <
’ n=K+1

K 1 T
26 ,u(T,p)L

(K+1)

pl"lw'(t—n)l p()dt + ew' <

+ew’ = (1 +w')e

e
K+1
This implies that x’e PAP,(R,p), and x € PAPw(R, p).

Ifipl>1,let

xaP(t) Z ( n}l)"

= Z (=D" _Hll> w'(t+n+1)
n=0 P
Similarly to the above,
PAP,(R,p) .
(iv) If x(¢) is another p-pseudo w-anti-periodic
solution of Eq. (1)

"(t+n+1),

x(t) = x(t) —a”

we can prove that x €

, then x(1) — x(t) is a p-pseudo

w-anti-periodic solution of the corresponding homoge-

neous equation. Thus, { x(n) —x(n)| ,_,is a solu-

tion of the homogeneous difference equation (12).

Hence, there exist k, ,k, such that

x(n) —x(n) = kAT + kbAy,n e Z

From the boundedness of the p-pseudo w-anti-periodic

function, it follows thatx(n) —x(n) =0, n e Z . At

this time, x(t) — x(t) satisfies

I x(t) —x(t) | +pla(t-1) —x(t-1)] =0,

VieR

Clearly, we have

x(ty —n) —x(t, —n) =

(_ nl) [56<t0) - x(%) :l by € R,n e A
P
From the boundedness of the p-pseudo w-anti-periodic
it follows that
x(t) =x(t),t e R

This means that the p-pseudo w-anti-periodic solution

function,

of Eq. (1) is unique.
(v) Iff(t) is p-pseudo w-anti-periodic and @ =
ny/mgy,ny,m, € Z", then the sequence { h,|,_, is p-

n

pseudo mw-anti-periodic bounded sequence, where m
= my if myis odd, orm = 2m, + 1 if m, is even. At
this time, the sequence {c,} defined by Eq. (17) is
also p-pseudo mw-anti-periodic bounded sequence.

Following step (iv), we can easily prove that Eq. (1)
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possesses a p-pseudo mw-anti-periodic bounded solu-
tion. This completes the proof of Theorem 1.

Proof of Theorem 2 (i) It is easy to seen that
the space PAP,(R,p) is a Banach space with supre-
mum norm || ¢ || = sup,_.g | ¢(¢) | . For any ¢ €
PAP_(R,p), using both (H2) and the composition of
functions in PAP,(R,p) (see Diaganailg] ), it follows
that g(1,0(1) ,o([1])) < PAP,(R.p) .

We consider the following equation ;

[x(e) +px(t -1)]" =
ag(x[t]) +ax([t=1]) +g(t,0(1),0([t]))
(25)
From Theorem 1, it follows that for any ¢ € PAP, (R,
p) , Eq. (25) has a unique weighted pseudo-anti-w-
periodic solution, denote by Jo. Thus, we obtain a
mapping J:¢ — x,, it follows that J is a mapping from
PAP_(R,p) into itself. For any ¢ , 4 e PAP_ (R,
p), Jo — Ji satisfies the following equation :
[2(t) +pz(t = 1)]" =
ag(z[t]) +az([t -1]) +

g(to(1) o([1])) = g(tp (1) p([1]))
Since Jo and Ji are p-pseudo w-anti-periodic, there
exists a constant B > 0 such that | Jo!I , | Jy| <B.

Setting ¢, = (Jo)(n) — (Jy)(n) , then we
have

comr + (p=1=ay)e, + (=p-a)e,, =H,

where

i, = [ TeCp() p([s]) -
g (5) r([51) Tds

From the proof of the Theorem 1, we know that there
exist k," ,k, such that

E" — kl* 2 )‘;L—(erl)Hm + kz* z ;f(erl)H

m<n-1 m<n-1

This implies that there exists K, > 0, such that

[(Je) (n) = (Jy) (n) | =
KOSUIL3| HlsKnle-y¢l,

Vnel

m

Let
H(t) = (¢, +pc, ) + [age, +ac, J(t—n) +
[LeCsp() vp([s]) = gCsapr(s) p([5]) Jas,
(n<t<n+l)
Thus there exists K; > 0 such that

lH(t) < Knl o -y

We easily conclude that
(Jo) (1) = (Jp) (1) +
pl(Je)(t=1) = (Jp)(t=1)] = H(z)
We typically consider the case when | p | < 1. Using
Lemma 5, we have
L (Je) (1) = () (1) 1 <
im 1 () (1o +0) = (Jg) (19 +6) | +
b sup | H(u) | <

lhySust
e 2B 4 bKimpl @ - |, t =1,
where @ = log(1/1 pl),b =1/(1 =I pl). Setting ¢,

efu(lflo)

— o , we obtain

Lo - Jp 1 <bKinl ¢ -yl
Hence, there exists n* > 0, such that if 0 < 5 <
n",J:PAP (R,p) — PAP_(R,p) is contracting
mapping. This implies that there exists ¢ € PAP, (R,
p) such that Jo = ¢ thatis, Eq. (1) has a unique p-
pseudo w-anti-periodic solution.

(ii) o = (ny/my) (ny,m, € Z") and g is p-
pseudo w-anti-periodic in ¢, then g(t,(t) ,@([t]))
is a p-pseudo m, w-anti-periodic function, for any ¢ €
PAP, ,(R,p) . At this time, it follows that Eq. (25)
has a unique p-pseudo m, w -anti-periodic solution Jo
by using Theorem 1. Similarly, we know that there ex-
istsm” >Osuchthat if0 < < n",Eq. (1) hasa
unique p-pseudo m, w-anti-periodic solution. This

completes the proof of Theorem 2.
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